Abstract. Let G be a connected complex linear algebraic group. In this paper we will explain how one can obtain the mixed Hodge polynomial of its symmetric products Sym
Introduction
In this article, we generalize some results in [FS] to obtain the mixed Hodge polynomial of symmetric products of linear algebraic groups. Given a topological space X, its n-fold symmetric product is given by identifying in its n-fold cartesian product Sym n X those tuples that can be obtained from each other by permuting the entries:
where S n is the symmetric group on n letters that acts on X n by permutation. When X is a complex smooth curve, dim C X = 1, its symmetric products are also smooth algebraic varieties. These spaces are particularly interesting when X is a compact Riemann surface C. Denoting by g the genus of C, Sym g C is birrationally equivalent to the Jacobian J of C and for n > 2g − 2 the symmetric product Sym n C is a projective fiber bundle over J [Mac2] . If one assumes that dim C X > 1, then Sym n X are no longer smooth but, by an usual quotient construction, they are still algebraic varieties.
There has also been some work on the mixed Hodge structures on symmetric products, most important for us being [Ch] and [MaSc] , where a generalization of Macdonald's study for mixed Hodge structures is obtained. These works are also related to some recent development in the interplay between symmetric products and K-theory of algebraic varieties (see [Ka] and [Mus] ). The connections between K-theory and the results in this paper will be explored in future work.
Let now G be a complex connected linear algebraic group. Its symmetric products Sym n G are affine algebraic varieties, and so their cohomology is endowed with a mixed Hodge structure [De1, De2] . The main problem adressed in this article concerns the calculation of the mixed Hodge polynomial of the spaces Sym n G. This is the polynomial codifying the dimensions of the Hodge decomposition h k;p,q (X) := dim C H k;p,q (X, C)
Whenever the mixed Hodge structure is diagonal -meaning that the only non-trivial Hodge numbers have the form h k;p,p (X) -one says that the variety is balanced. In this case µ X (t, u, v) can be regarded as a polynomial in two variables: t and the product uv, and we adopt the change of variables x := uv. Connected linear algebraic groups G are examples of balanced varieties. Their mixed Hodge structure was obtained in [De2, Theorem 9.1.5] , yielding as mixed Hodge polynomial
for a certain m ∈ N and (r 1 , · · · , r m ) ∈ N m 0 . The main result in this paper allows us to obtain the mixed Hodge polynomial of symmetric products Sym n G by recurring only to the information in (1.1).
To state this result, we need to introduce some notation for permutations and partitions. For a fixed n ∈ N, we denote by I the identity n × n matrix and by M α the matrix corresponding to the permutation α ∈ S n . The partition of n with a j parts of size j ∈ {1, · · · , n} will be denoted by n = [1
Theorem. Let G be a complex connected linear algebraic group whose mixed Hodge polynomial is
Alternatively,
A generating function for the Poincaré polynomial of symmetric products was obtained in [Mac] , but more relevant for us is the mentioned generalization of J. Cheah [Ch] . This is a formula for the mixed Hodge numbers
that generalizes the formula of MacDonald to the mixed Hodge structure. Our formulas are obtained by an alternative method, and the comparison between both aproaches will lead to some combinatorial identities, similarly to [FS, Sec. 6 ]. I will now outline the contents of the article. In section 2, we review the mixed Hodge structures on linear algebraic groups. In here, our main interest is the Corollary 2.4, a re-formulation better adapted to our strategy of Deligne's result on the mixed Hodge structure of such spaces. In section 3, we study the equivariant mixed Hodge structure induced by the permutation action S n G n on a connected complex linear algebraic group. The main purpose is to relate these actions with the permutation action S n (C * ) n , studied in [FS] . This relation is obtained by resorting to equivariant polynomials, Theorem 4.4. Section 4 is mostly concerned with character formulae for permutation actions, providing a bridge between the strategy in [FS] and this paper. The main result of the paper is then introduced in section 5, Theorem 5.3. Finally, in section 6, we compare our result with the above formula by J. Cheah, leading to combinatorial identities (Theorem 6.2) generalizing those of [FS, secton 5.5.] .
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Mixed Hodge Structures of Linear Algebraic Groups
In this section we will start by covering the main steps in the characterization of the cohomology ring of Lie groups. Afterwards, we will use a result by Deligne in [De2] to characterize the mixed Hodge components when G is a connected complex linear algebraic group. The content of this section is classical and well known, being covered in here to derive some easy consequences, designed to fit our overall strategy to handle the main problem (Theorem 1).
2.1. Cohomology of Lie groups. Let G be a Lie group. The cohomology ring of any topological space is naturally endowed with a product, the cup product. When this space is a Lie group, there is also a natural co-product, the one given by the pullback of the product map composed with the Künneth isomorphism,
It is a well known fact that the cohomology ring H * (G, C) with these two operations, and the antipode map given by the pullback of the inverse map g → g −1 , forms an Hopf algebra
1
. Surprisingly, this characterization of the cohomology ring H * (G, C) as an Hopf algebra, that is also a finite dimensional vector space, is enough to obtain a suitable description.
Theorem 2.1. (Hopf, 1941) Let H * be a graded commutative and graded co-commutative Hopf algebra over a field of characteristic zero. Assume also that as a vector space H * is finite dimensional. Then H * is generated as an algebra by a finite set of homogeneous elements of odd degree.
Proof. This result is the main one in [Hop] .
This result gives a complete characterization, but for our applications it suffices to apply the following consequence. Recall that if X is a topological space with finite dimensional rational singular cohomology H * (X, Q), its Poincaré polynomial is defined as:
Corollary 2.2. Let G be a Lie group. Then there are m ∈ N and r 1 , · · · , r m ∈ N 0 and an isomorphism of graded algebras
where on the right hand side we use the only grading compatible with the exterior and tensor products obtained by letting ω i,k ∈ H 2i−1 (G, C), ∀k = 1, · · · , r i . In particular, we conclude
Proof. From Hopf's Theorem on Hopf algebras, we know there exists a set {ω 1 , · · · , ω k } of classes of homogeneous elements of odd degree that generate H * (G, C) for the cup product. Since these elements have odd degree, one has
To obtain the characterization in the statement, it suffices to decompose the classes {ω 1 , · · · , ω k } according to their degree.
To deduce the Poincaré polynomial of G, consider the graded vetor space Ω * = ω 1 , · · · , ω k C , where each ω i has degree 2l − 1. Then the graded component
, and so the polynomial codifying those dimensions is 1 + t 2l−1 k . From this, the form of the Poincaré polynomial of G follows.
2.2. Mixed Hodge Structure. The cohomology of a complex quasi-projective algebraic variety X is endowed with a mixed Hodge structure [De2] . Briefly, its cohomology H * (X, C) admits two natural filtrations: an increasing filtration, the weight filtration W * , that can be defined over the rationals H * (G, Q), and a decreasing filtration F * , generalizing the Hodge filtration of smooth projective varieties. The name of this structure is motivated from the fact that the Hodge filtration F * induces a pure Hodge structure on the graded pieces of the weight filtration. This leads to a bi-decomposition of the cohomology ring, whose pieces are usually denoted by
Since the Hodge filtration induces a pure Hodge structure on Gr
. Their dimensions are called mixed Hodge numbers and are denoted by
being usually codified as a polynomial in three variables
known as mixed Hodge polynomial of X. We recall that mixed Hodge structures also exist in the compactly supported cohomology. Moreover, when X is smooth (or an orbifold) Poincaré duality is compatible with mixed Hodge structures, so that
where d = dim C X and here and below the subscript (or superscript, for the Hodge polynomials) c means we are referring to the compactly supported cohomology. Also important will be the E -polynomial, given by µ X (−1, u, v) for the usual cohomology and µ c X (−1, u, v) for the compactly supported
Although this polynomial codifies less information that µ X , it satisfies some very nice properties. Being an example of a motivic measure on the category of complex quasi-projective varities, the E-polynomial for the compactly supported cohomology is additive for locally closed stratifications. In certain contexts, it also provides a link with arithmetic geometry. An important result of this nature is one by N. Katz in the Appendix of [HRV] . Moreover, the E-polynomial is also multiplicative for fibrations with trivial monodromy (see [LMN] ). For some type of varieties, this polynomial is enough to recover the mixed Hodge polynomial. This is the case of smooth projective varieties, but also of separably pure varieties -a family of varieties studied in [DiLe] , and also essential in [FS] . For a more detailed account on mixed Hodge structures, see [PS] . Let now G be a complex connected linear algebraic group. Being an affine algebraic variety, the cohomology of G is endowed with a mixed Hodge structure which was obtained by Deligne in his third seminal paper on the theory of mixed Hodge structures. Denote by P * ⊂ H * (G, C) the vector subspace spanned by the primitive elements and
Theorem 2.3. (Deligne, 1974) Let G be a connected complex linear algebraic group. Then P * ⊆ H * (G, C) is a sub-mixed Hodge structure, and one has an isomorphism of mixed Hodge structures
Moreover, for every i = 0, · · · , dim C G P 2i ∼ = 0 and the mixed Hodge structure on each P 2i−1 is pure of weights (i, i).
Proof. This result is the content of [De2, Theorem 9.1.5].
As for the cohomology ring, the following characterization of the MHS suffices for our application.
Corollary 2.4. Let G be a connected complex linear algebraic group. Then there are m ∈ N and r 1 , · · · , r m ∈ N 0 and an isomorphism of multi-graded algebras
where on the right hand side we use the only multi-grading compatible with the tensor and exterior products obtained by letting
Proof. As in the proof of Corollary 2.2, to obtain this result it suffices in the isomorphism
obtained in Deligne's result, to decompose P * according to its multi-graded components.
Permutation Actions
Let X be a quasi-projective algebraic variety and F a finite group acting algebraically on X. Since this is an algebraic action, the induced action in cohomology preserves the mixed Hodge structure. Then the mixed Hodge components are endowed with an F -module structure. This induced action is codified in a polynomial usually called the F -equivariant mixed Hodge polynomial of X
where H k;p,q (X, C) F is the F -module given by the induced action F H k;p,q (X, C). These polynomials were firstly introduced in [DK] , and the work in this section owes much to [LM] , where the interplay between the equivariant E-polynomial and finite actions is studied. Since we are restricting ourselves to actions of finite groups, the characterization Gro] ) of the cohomology group of the quotient as the invariant part of the induced F -action in the original variety will be key. This is so because when F acts algebraically the above isomorphism preserves mixed Hodge structures. By writing µ F X (t, u, v) in a basis of irreducible representations of F , this result tells us that the mixed Hodge polynomial of the quotient equals the coefficient of the trivial representation.
Let now G be a connected complex linear algebraic group and consider the permutation action S n G n on its n-cartesian product. The description of the mixed Hodge decomposition on H * (G, C), given here in Corollary 2.4, can be used to describe the S n -equivariant polynomial of G n . The main idea behind our strategy is to regard the cohomology of a general linear group G as products of "differently weighted" C * 's, and deduce µ
previously handled in [FS] , but without an explicit formula for the equivariant polynomial µ
n (t, x). So, we will start by deducing the form of this polynomial. We denote by St the (irreducible) standard action of S n on
induced from the natural permutation action of the symmetric group on C n .
Lemma 3.1. The S n -equivariant mixed Hodge polynomial of (C * ) n is given by
where St is the standard representation.
Proof. Let ρ Sn denote the permutation action S n H 1 ((C * ) n , C) = S n H 1;1,1 ((C * ) n , C), so that ρ Sn ∼ = St + T, where T is the trivial (one dimensional) representation (and we use + instead of the more usual whenever convenient). Using the equality
St so the result follows.
Before introducing the result relating the polynomials µ
n (t, x) and µ Sn G n (t, x) for any linear algebraic group G, we will try to illustrate the principle in question in the following example.
Example 3.2. Assume G = GL (2, C). Its mixed Hodge polynomial is given by
so from Corollary 2.2 we know that H * (G, C) is generated for the cup product by a class of degree 1 and weights (1, 1) and other of degree 3 and weights (2, 2) . From this, the Künneth isomorphism tells us that
n is generated as a vector space by {ω
is a class of degree 2i − 1 and weights (i, i), and possible tensor products between those. Alternatively, we have the description
, where on the right hand-side we are assuming the only multi-grading compatible with the exterior and tensor products obtained by assigning degree 2i−1 and weights (i, i) to each class ω j 2i−1 . Moreover, if one considers the permutation action S n G n , its induced action in H * (G n , C) acts in the sets {ω
, by permutation. Then the actions preserves the spaces {ω 1 i , · · · , ω n i }, and it acts on those as it does in H * ((C * ) n , C) (see the proof of Lemma 3.1). Recurring to the equivariant polynomials, this can be alternatively stated as the equality
The reasoning in this example can be easily adapted to any connected linear algebraic group G, yielding a set {ω
where S n acts by permutation for each primitive element in the Hopf algebra H * (G, C). The following Theorem extends this strategy to the general case. 
Then the equivariant polynomial for the natural S n action on G n is given by
where µ Sn (C * ) n (t, x) is given in Lemma 3.1.
Proof. Let G be a complex connected linear algebraic group with MHP µ G (t,
In Corollary 2.4, we showed that for such a group its cohomology ring is given by
where the multi-grading is given by letting ω i,l ∈ H 2i−1;i,i (G, C) for all l = 1, · · · , r i . Then, applying the Künneth isomorphism we obtain
where w j i,l is the form corresponding to ω i.l in the jth factor of G n . Moreover, n j=1
are isomorphic vector spaces. This can be seen by identifying ω j i,l → θ j l . Also, if we assign multi-degree (2i − 1, i, i) to the forms θ j i , that originally have degree (1, 1, 1), this becomes an isomorphism of multi-graded algebras. Moreover, the action of S n on n j=1
under this identification, and therefore the result follows.
Diagonal Operators in the Representation Ring
Let X be a complex quasi-projective variety endowed with an algebraic action of a finite group F . In this section, we want to detail how to obtain the mixed Hodge polynomial µ X/F (t, u, v) of the quotient X/F from the coefficients of the F -equivariant mixed Hodge polynomial µ F X (t, u, v) written in a basis of irreducible representations of F . By using the description H * ; * , * (X/F, C) ∼ = H * ; * , * (X, C) F of the cohomology ring of the quotient with its natural mixed Hodge structure, this will be a series of simple deductions using character theory. Fix F as a finite group, let R (F ) denote its representation ring and a, b ∈ R (F ) be some general representations. The argument pointed out above motivates the consideration of the symmetric linear operators
By tensoring R (F ) with C and linear expansion we can associate this map to a symmetric, thus diagonalizable, endomorphism of C k , where k is the number of irreducible representations of F , which equals the number of conjugacy classes in F . Our interest is to obtain the information needed to explicitly obtain an expression for a b from their decomposition into irreducibles, by recurring to the character table of F . For the rest of this section, {T i } k i=1 will stand for a basis of irreducibles of R (F ) (for convention purposes we assume T 1 = T, the trivial representation),
the conjugation classes ([c 1 ] being the conjugation class of the identity). The character table will be given by
, where χ i stands for the character of T i . We will also require an expression for the inverse of the character table. That can be obtained as a simple re-statement of Schur orthogonality for columns. 
is the order of the centralizer of the respective conjugacy class.
Proof. Let C * F denote the transpose conjugate of C F . The Schur orthogonality relations for columns are equivalent to C * F × C F being a diagonal matrix, whose entries are 
Proof. By the additivity property of characters
This equality together with the multiplicative property of characters gives us:
To decompose a b into irreducibles it then suffices to multiply the vector (χ a b ([c i ])) i by C −1 F . Moreover, since we want the coefficient of the trivial representation, we only need its first entry. From Lemma 4.1 the first column of C −1 F equals:
so the result follows.
Remark 4.3. We notice that this result applies for any number of F -representations. If we are considering the rth power a r = a · · · a, the above formula becomes
It is a simple observation that this result remains valid if we consider field extensions. Then taking C / / C (t, u, v) , one may apply this result to mixed Hodge polynomials:
Theorem 4.4. Let X be a complex quasi-projective F -variety, for a finite group F . Assume also that µ
The motivation for us was the case where one has a F -variety X and consider the diagonal action in X r . By the Künneth isomorphism, this result can be applied to handle those cases.
Corollary 4.5. Let X, Y be complex quasi-projective F -varieties, for a finite group F . Denoting the respective equivariant polynomails by µ
Consequently, the mixed Hodge polynomial of the quotient associated to the induced diagonal action F X r is given by
MHP of Symmetric products of Linear Algebraic Groups
Let G be a connected complex linear algebraic group, and consider on G n the natural permutation action of the symmetric group S n . Recall that the quotient of this action is the n-symmetric product of G, usually denoted by
In this section we obtain a description of the mixed Hodge polynomial of Sym n G only depending on the mixed Hodge polynomial of G.
In Theorem 3.3, we obtain a characterization of the S n -equivariant polynomial related to the above permutation action as a product
is the S n -equivariant mixed Hodge polynomial related to the permutation action S n (C * ) n . These polynomials were obtained in Lemma 3.1
where St is the standard representation. As the non-zero exterior products of the standard representation k St are also irreducible representations, one may apply Theorem 4.4 to µ Sn (C * ) n (t, x). By comparing this strategy with the one used in [FS] , we will be able to get a complete description of µ Sym n G (t, x) for any connected linear algebraic group G. In this paper, we obtained a description of the mixed Hodge polynomial of the free abelian character variety of GL (n, C), that is algebraic isomorphic to Sym
n /S n . Before making this comparison, let us illustrate how Theorem 4.4 can be used to solve this problem for a specific case.
Example 5.1. Consider once again G = GL (2, C), and let us compute µ Sym 3 G . The group S 3 only has three irreducible representations, its character table being given by 
where g l (t, x) = c 1,l a 1 (t, x)+· · ·+c k,l a k (t, x), for a i (t, x) the coefficients of µ S 3 (C * ) 3 (t, x) written in the irreducible basis. Moreover, from Lemma 3.1 we see
From this we conclude
To obtain a general formula, and avoiding the use of the character table, we need to use partitions. Let P n be the set of partitions of n. For a general partition n ∈ P n with a i parts of size i, we will use the notation
(so, for instance, a n = 1 ⇒ a i = 0, ∀i = n). We will also denote the cardinality of the respective conjugacy class in S n by c n . Using this notation, the formula (5.1) obtained in this example for a general G with mixed Hodge polynomial µ G (t, x) = m i=1 (1 + t 2i−1 x i ) r i and a general n, takes the form
n (t, x) written in the irreducible basis and l the column of C Sn corresponding to the partition n. We recall that for the n symmetric product of G = (C * ) r , a formula was already obtained in [FS] , being given by
where M n stands for a permutation matrix associated with an elemet in the conjugacy class of n in S n . Now, the idea is to prove
where n is the partition corresponding to the column l. If so, then one can use the general formula for the polynomials det (I + txM n ) of the Sym n (C * ) r case instead of the general polynomials g n (t, x) above. For a general action, this equality does not have to be true, but for this specific case it is.
The equivariant polynomial we obtained in Lemma 3.1 is written in the irreducible basis, the one required to apply Theorem 4.4. This tells us
Our purpose is to show Lemma 5.2. Let ρ Sn = St+T, for St and T the standard and trivial representations of S n , respectively. One has the equality:
Proof. The result follows from applying the equality presented in [JPSer, page 69, exercise 9.3] , that gives us
as we wanted.
With this equality, we now have three descriptions of the mixed Hodge polynomial µ Sym n G (t, x). The first is the one using the entrances of the character table of S n , the description providing formula (5.2). This is obtained applying Theorem 4.4 to the equivariant polynomial described by Theorem 3.3 and Lemma 3.1. This last lemma says that this description has a similarity with the description for the case Sym n (C * ). These similarities allows us to obtain similar results for any complex connected linear algebraic group. In the following Theorem, we use the same notation as in the Introduction, Theorem 1.
Theorem 5.3. Let G be a complex connected linear algebraic group whose mixed Hodge polynomial is
for M α the permutation matrix (in some basis) associated to α ∈ S n . Alternatively,
Proof. Theorem 3.3 tells us the corresponding equivariant polynomial is given by
Then by applying Theorem 4.4, one gets
n (t, x). Then by applying Lemma 5.2:
where M l is the matrix (in some basis ) of some permutation in the conjugation class [c l ]. As det (I + t 2i−1 x i M l ) r i is conjugate invariant, this expression may be re-written as
for M α the permutation matrix (in some basis) of α ∈ S n . To prove the second identity, we start by recalling that in [FS, Theorem 5 .9] we proved the equality det (I + txM n ) = p n (t, x) where for the partition n = [1 a 1 , · · · , n an ], one has p n (t, x) = Remark 5.4. There are several remarks to be made about this result:
(1) The cohomology ring of a connected linear algebraic group G coincides with a product of C m \ {0}. For this reason, the formula above also calculates the mixed Hodge polynomial of the symmetric product of arbitrary products of punctured complex vector spaces. (2) Using the terminology of this Theorem, the case of the free abelian character variety M r GL (n, C) ∼ =(C * ) nr /S n is given by taking m = 1 and r 1 = r. This way we obtain an alternative proof of [FS, Theorem 5.9 ].
Combinatorial identities
In this last section we will use Theorem 5.3 and a formula of J. Cheah ([Ch] ) to introduce some combinatorial identities, in a similar way to [FS, Theorem 5.31] . As for this result, we could not find out whether these new identities were noticed before.
Let us start by reviewing the key ideas covered in [FS, Sections 5.5] . As in there, fix X as a quasi-projective algebraic variety with given Hodge numbers h k;p,q . The mentioned formula of J. Cheah is given by (6.1) n≥0 µ Sym n X (t, u, v) z n = p,q,k
(see [Ch, Proposition 1.1] ).
and so b k (GL (m, C)) equals the number of partitions of k with only odd parts, no parts being repeated or surpassing 2m − 1. Denoting this number by p m odd (k), we obtain: Theorem 6.2. Let m ∈ N. Then, for formal variables x, z (or for z, x ∈ C where the series and products converge), we have:
where, as above, p m odd (k) stands for the number of partitions of k with only odd parts, no parts being repeated or surpassing 2m − 1. 
